Using the operator approach, we obtain logarithmic quasinormal modes and frequencies of a traceless spin-3 field around the BTZ black hole at the critical point of the spin-3 topologically massive gravity. The logarithmic quasinormal frequencies are also confirmed by considering logarithmic conformal field theory.
Introduction
Recently, higher-spin theories on the (2+1)-dimensional anti-de Sitter (AdS 3 ) spacetimes have been the subject of active interest because they admit a truncation to an arbitrary maximal spin N [1, 2] . Especially, the prototype of spin-3 model is a totally symmetric third-rank tensor of spin-3 field coupled to topologically massive gravity (TMG). Chen et al., [3] have developed the methods obtaining quasinormal modes of arbitrary spin theories, and discussed the traceless spin-3 fluctuations around the AdS 3 spacetimes. They found that there exists a single massive propagating mode, besides left-moving and right-moving massless modes (gauge artifacts). On the other hand, Bagchi et al., [4] have independently studied the spin-3 TMG. They showed that the trace modes carry energy opposite in sign to the traceless modes, and pointed out the instability in the bulk of the logarithmic partner of the traceless modes. These are considered through extended analysis of spin-2 field in the cosmological TMG [5] .
Very recently, Datta and David [6] have introduced massive wave equations of arbitrary integer spin fields including spin-3 fields in the Bañados-Teitelboim-Zanelli (BTZ) black hole background. Then, they have obtained their quasinormal modes that are consistent with the location of the poles of the corresponding two-point function in the dual conformal field theory. This could be predicted by the AdS 3 /CFT 2 correspondence. By the way, they have solved the second-order perturbed equation of [¯ − m 2 + 4/ℓ 2 ]Φ ρµν = 0 for spin-3 field with the ingoing modes at horizon and Dirichlet boundary condition at infinity. However, in this case, there exists a sign ambiguity of mass ±m. Thus, in order to avoid this ambiguity, one has to solve the first-order equation of ǫ αβ ρ∇ α Φ βµν + mΦ ρµν = 0 itself under the transverse and traceless (TT) gauge condition.
It was known that the operator approach (method) [7, 8] is very useful to derive the quasinormal modes of spin-2 field of graviton in the BTZ black hole background in the framework of the cosmological TMG. This method has been applied to the new massive gravity to derive their quasinormal modes of the BTZ black hole [9] . Very recently, we have obtained quasinormal modes of the BTZ black hole in spin-3 TMG by using the operator method [10] . This method shows clearly how to derive quasinormal modes without any sign ambiguity in mass.
On the other hand, the presence of the logarithmic modes at the critical point of the TMG was pointed out [11, 12, 13] . In particular, Grumiller and Johansson [11] have shown that these modes grow linearly in time and the radial coordinate of the AdS 3 spacetimes, which cause issues on the stability and the chiral nature of the theory. After their work, a derivation of the logarithmic quasinormal modes of spin-2 was performed for the BTZ back hole [14] . It seems that the operator approach is the only known method to derive the logarithmic quasinormal modes of spin-3 field because solving the second-order equation at the critical point cannot provide appropriate logarithmic quasinormal modes, in compared with the non-critical case.
In this work, we wish to derive logarithmic quasinormal modes and frequencies of a traceless spin-3 field around the BTZ black hole at the critical point of spin-3 topologically massive gravity theory. We will observe how they differ from the logarithmic quasinormal modes of a spin-2 field. Also, we explore Log-boundary conditions for left-and right-logarithmic modes. Finally, these quasinormal frequencies will be also confirmed by considering a logarithmic conformal field theory (LCFT).
2 Perturbation analysis for spin-3 field
Action of spin-3 TMG
The action for spin-3 coupled to TMG is given by
where σ < 0 is a free parameter from SL(3,R) gauge group. Here two Lagrange multipliers
are introduced to impose the torsion free conditions [2]
The former in Eq. (1) denotes the action for the spin-3 AdS 3 gravity [2] , while the latter represents the spin-3 generalization of gravitational Chern-Simons term with a coupling constant 1/µ. The equations of motion obtained by varying this action are given by the torsion free conditions
and four equations
At this stage, we note that these differ from the pure gravity coupled to spin-3 field theory by β a and β ab terms. However, for
the extra terms disappear due to the torsion free conditions, leading to the pure gravity coupled to spin-3 field theory [2] . This implies that the nonrotating BTZ black hole solution to pure gravity coupled to spin-3 field theory [15] e a = e a BTZ (12) with
is also the solution to the above equations of motion. Here, the spin connectionω a =ω a BTZ takes its components as
In addition, one has
for the BTZ black hole.
Perturbation for spin-3 field
Now we consider the perturbations around the BTZ black hole background with background fieldsē a ,ω a ,β a ,ē ab ,ω ab , andβ ab . For simplicity, we denote the perturbed fields as e a , · · · without the bar notation (¯). The six perturbed equations take the forms
with the perturbed Ricci tensor
Hereafter, we will express the perturbed fields in terms of the frame fields h µν and Φ µνλ as 
The perturbed equation of spin-2 graviton takes the form [5] ¯ + 2
which is decoupled completely from the spin-3 perturbed equation as [3] 
In this work, we consider the BTZ black hole with the mass M = 1 and the AdS 3 curvature radius l = 1 in global coordinates as
where the event horizon is located at ρ = 0, while the infinity is at ρ = ∞. Introducing the light-cone coordinates u/v = τ ± φ, the metric tensorḡ µν takes the form
Then the metric tensor (28) admits the Killing vector fields L k (k = 0, −1, 1) for the local SL(2,R)×SL(2,R) algebra as
andL 0 andL −1/1 are obtained by substituting u ↔ v. Locally, they form a basis of the
Here, we note that the totally symmetric spin-3 field Φ ρµν satisfying the TT gauge condition
has only one degree of freedom corresponding to a single massive mode propagating in the BTZ black hole spacetimes [10] . On the other hand, the third-order equation (26) can also be expressed as
in terms of mutually commuting operators
We note that Eq. (32) is reduced to Eq. (26) when using the BTZ background
together with the TT gauge condition and the relation of
Therefore, the third-order equation (26) can be decomposed into three first-order differential equations:
for a massive, a left-moving, and a right-moving degree of freedom, respectively. Importantly, three first-order differential equations (35) can be simply rewritten in terms of a single massive first-order differential equation as
with m = 2µ, 2, and −2.
It seems appropriate to comment that it could also be expressed in terms of a second-order differential equation [6] as
However, there exists a sign ambiguity ±m in this equation. Therefore, in order to avoid this ambiguity, we will directly solve the first-order equation (36) with the TT gauge condition. Note that at the chiral (critical) point of µ = 1, the operators D M and D L degenerate.
Having the structure in mind, let us find quasinormal modes for the spin-3 field in the BTZ background by solving (36) together with the TT gauge condition. In order to implement the operator method [7, 9] , one has to choose either the anti-chiral highest weight condition of L 1 Φ ρµν = 0 or the chiral highest weight condition ofL 1 Φ ρµν = 0, but not both simultaneously. Actually, we note that for a generic symmetric tensor Φ ρµν , the transversality condition of ∇ µ Φ µνρ = 0 is not equivalent to choosing the chiral (anti-chiral) highest weight condition.
However, selecting proper components of Φ ρµν , two are equivalent to each other.
Left-logarithmic quasinormal modes
We observe that similar to the perturbed equation (25) for the spin-2 graviton, the spin-3 fluctuation also satisfies a third-order differential equation (26). Since the logarithmic quasinormal modes of the graviton were computed at the critical point in [14] , we wish to calculate logarithmic quasinormal modes of the spin-3 field by the operator method in this section.
Logarithmic quasinormal modes
By solving the first-order equation (36), we obtain the left-moving solution of a anti-chiral highest weight field
where
Note here that F L vµν (ρ) takes the same form as the spin-2 graviton which is Eq. (17) in
However, the basis of solutions (38) 
while satisfying with the anti-chiral highest weight condition as well as the TT gauge condition. Then, at the critical point of µ = 1 (m = 2), a new logarithmic solution is given by
Here, Φ
Next, according to Sachs's proposal [14] , the logarithmic quasinormal modes can be constructed by using the following operation
which means that we should compute their descendants of Φ L,new ρµν (u, v, ρ) by using the operator method.
The first descendants of Φ
are explicitly given by
whose relevant components are given by
We have their explicit forms
The full expressions of the matrix elements, f L (2) uuv , etc., are listed in Appendix A1. On the the hand, the third descendants of Φ
We have
Here again, the full expressions of f
uuu , · · · , are written down in Appendix A2. The fourth descendants are given in Appendix A3 with s-mode (k = 0).
From these expressions, one can deduce the expression for higher order of the descendants
where F L(n) ρµν (ρ) is the corresponding n-th order matrix. As a result, we read off the leftlogarithmic quasinormal frequencies of a traceless spin-3 field from the quasinormal modes (59) ω
which is the same expression for spin-2 graviton h µν [14] . This is one of our main results. It is by now appropriate to comment on the right-moving solution and the right-logarithmic quasinormal modes. The right-moving solution and its corresponding logarithmic solution can be easily constructed by the substitution of both u ↔ v, L ↔ R and φ → −φ, k → −k in Eqs. (38), (39), and (44). Moreover, the succeeding descendants of the right-logarithmic quasinormal modes can also be derived by the mentioned substitution, and finally yield the quasinormal frequencies as ω
Log-boundary conditions
Since the time dependent part of the solution (59) is simply given by exponential fall-off in t as [e −2nt ] whereas the radial part is a complicated form for each descendant, it would be better to observe their asymptotic behaviors. For this purpose, let us find the asymptotic behaviors of the left-logarithmic solutions (44). We have the asymptotic form in the ρ → ∞ limit as 
The second component Φ 
We also would like to mention that all higher order components {Φ (u, v, ρ). Their asymptotic behavior is exactly the same with the asymptotic form (63) of the third descendants. Thus, we expect that all higher order descendants with n > 4 for the spin-3 case behave as like the third descendants have.
We have also proven that as were shown in Appendix B, these properties persist to the noncritical cases of µ = ±1.
AdS/LCFT correspondence
The log gravity at the chiral point could be dual to a LCFT on the boundary described by (τ, σ) [11, 13] . In this section, we show how to derive quasinormal frequencies ω n L/R = ∓k−2in of the spin-3 field from the LCFT L on the boundary. It was known that the spin-3 chiral gravity with the Brown-Henneaux boundary condition [16] is holographically dual to the CFT L with classical W 3 algebra and central charge c L = 3l/G [4] . However, this is not our case because we did not require the Brown-Henneaux boundary condition.
The LCFT L [17, 18, 19] may arise from the two operators C and D which satisfy the degenerate eigenequations of L 0 as
The two-point functions of these operators take the forms
We note that Eq. (65) In order to derive quasinormal modes, we focus at the location of of the poles in the momentum space for the retarded two-point functions G
It is very important to recognize that G CD R (τ, σ) is identical with that of the two point function in the CFT [20] . The momentum space representation can be read off from the commutator whose pole structure is given by
where h L = (m − 2)/2, p + = (ω + k)/2, and T L = r + /2π = l √ M /2π = 1/2π for the nonrotating BTZ black hole with M = 1 and l = 1. This function has poles in both the upper and lower half of the ω-plane. It turned out that the poles located in the lower halfplane are the same as the poles of the retarded two-point function G CD R (τ, σ). Restricting the poles in Eq. (66) to the lower half-plane, we find one set of simple poles
with n ∈ N. This set of poles characterizes the decay of the perturbation on the LCFT L side. Furthermore, G DD R (t, σ) can be inferred by noting [18, 19] 
Then, this implies that its momentum space representation takes the form 
which shows that Φ L,new ρµν is the bulk perturbation for the logarithmic partner D. The bulkboundary correspondence is summarized as
Similarly, we have the bulk-boundary correspondence for the right-movers as
if one introduces the right sector of LCFT R operatorC andD which satisfy the degenerate eigenequations forL 0 as
Here the two-point functions of these operators take the forms
On the other hand, its momentum space two-point functions take the form
, and T R = 1/2π. Confining the poles in Eq. (75) to the lower half-plane, one finds the other set of simple poles
This set of poles characterizes the decay of the perturbation on the LCFT R side. Finally, we wish to mention that the above AdS/LCFT construction is closely related to the spin-2 case since the bulk-boundary correspondence is irrelevant to the higher spin N. Therefore, we suggest that the spin-2 computations of 2-and 3-point correlators [21] , and the 1-loop partition function [22] may be helpful to calculate those of spin-3.
Discussions
Using the operator method, we have constructed the logarithmic quasinormal modes of a traceless spin-3 field around the BTZ black hole at the critical point of the spin-3 TMG. The quasinormal frequencies are given by ω n L/R = ∓k − 2in. The positive integer "n" implies that the BTZ black hole is stable against the spin-3 perturbations because there is no exponentially growing modes like e 2nt . We note that these quasinormal frequencies are the same as those of the spin-2 graviton. The logarithmic quasinormal modes depending y(t, ρ) = −(t + ln sinh ρ) reflect that the linearized equation (26) is a third-order differential equation. The presence of the log spin-3 mode may induce the instability of the BTZ black hole spacetimes and the non-chiral nature of the spin-3 field coupled to topologically massive gravity. As far as the instability issue concerned, we have to pay attention to the log spin-2 case of [11] where the BrownHenneaux boundary conditions are relaxed to allow metric fluctuations to grow linearly in ρ at infinity. Also, if one relaxes the boundary condition to allow log-modes (whose presence makes the theory non-chiral) [23, 24] , one has the well-defined logarithmic quasinormal modes. Moreover, even though there is a linearized instability, logarithmic excitations always obey log-boundary conditions, but not the Brown-Henneaux boundary conditions [25] . At this stage, it is important to mention that the y(t, ρ)-dependence of the spin-3 quasinormal modes is necessary to reproduce the double poles in Eq. (69). In this direction, we wish to note that the appearance of a simple pole in the retarded Green function is closely related to quasinormal modes [20] , while the appearance of a double pole in the retarded Green function reflects logarithmic quasinormal modes [14] . Hence, the instability due to y(t, ρ) is not considered as an obstacle to the interpretation of log spin-3 quasinormal modes.
Finally, we have established the bulk-boundary correspondence by introducing two sets of operators (D, C) for the LCFT L and (D,C) for the LCFT R . We could read off the logarithmic quasinormal frequencies of ω n L/R from the locations of retarded green function in momentum space D DC (p + ) andDDC(p − ) [20] . These are ω
. It dictates that using the AdS/LCFT correspondence [14] , the logarithmic quasinormal frequencies could be obtained from the LCFT L/R sides. 
A2. The third descendants of the left-logarithmic modes
The full form of the components of the third descendants (56)-(58) are 
A3. The fourth descendent of the left-logarithmic modes 
where µ > 1. From this and the corresponding descendent solutions, we find that the asymptotic forms are given as follows 
